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Abstract
We propose physically motivated spacetime uncertainty relations
(STUR) for flat Friedmann-Lemaˆıtre cosmologies. We show that the
physical features of these STUR crucially depend on whether a par-
ticle horizon is present or not. In particular, when this is the case
we deduce the existence of a maximal value for the Hubble rate (or
equivalently for the matter density), thus providing an indication that
quantum effects may rule out a pointlike big bang singularity. Finally,
we costruct a concrete realisation of the corresponding quantum Fried-
mann spacetime in terms of operators on a Hilbert space.
Keywords: non-commutative geometry, Friedmann cosmologies, quan-
tum spacetime
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1 Introduction
According to General Relativity (GR), spacetime at sufficiently large scales
can be described as a pseudo-Riemanian (classical) manifoldM locally mod-
eled on Minkowski space with a metric gµ,ν = diag{−1, 1, 1, 1}, µ, ν =
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0, . . . , 3. On the other hand, quantum matter in spacetime is described in
terms of quantum fields on this manifold. However, it is a widespread idea
that at sufficiently small scales the geometry of space-time becomes “quan-
tum” or non commutative and loses its classical meaning. The relevant scale
was recognised to be that of Planck’s length
λP =
√
G~
c3
≃ 1, 6.10−33cm,
c and G being respectively the speed of light and the gravitational constant.
It is an interesting fact that historically one of the main motivations of this
belief was the hope that the ultraviolet divergences that plague Quantum
Field Theory (QFT) could be get rid of by making points “fuzzy” (Heisen-
berg himself suggested this possibility). However, not very much later the
idea that this phenomenon could be rooted in intrinsic operational limi-
tations to localisation measurements coming from the very first principles
of General Relativity (GR) and non relativistic Quantum Mechanics (QM)
emerged (see [1]).
Later on, the emergence of Non Commutative Geometry [2] thanks to
the work of Connes, Takesaki and many others has led to an interpretation
of these facts in the following terms: spacetime should be considered as a
non commutative manifold, and matter should be described by quantum
fields on this non commutative manifold. A great amount of work has been
dedicated to the task of defining and studying such new objects. In this con-
text, the idea that the structure of this non commutative spacetime should
be derived by (or at least not be in contrast with) established physical prin-
ciples was advocated by Doplicher, Fredenhagen and Roberts (DFR) in [3]1.
Roughly speaking, the idea is as follows. To make observations in a given
spacetime region with sides ∆xµ, µ = 0, . . . , 3, we must use (say) radiation
with comparable wavelength. In case the localisation region is very small
(so that the energy density can be assumed very big) GR tells us that this
eventually lead to the formation of an event horizon, i.e. of a black hole
([4]). Thus, no information could come out of the region itself, making the
measurement meaningless.
In this paper we deal with the problem of extending this method to
the case of flat Robertson-Friedmann-Walker cosmological spacetimes. To
this end, we propose a modification of the isoperimetric conjecture, initially
formulated for asymptotically flat spacetimes and proved for spherical col-
lapses in [12], for Friedmann open flat cosmologies motivated by results of
1see also the interesting reviews [5] -[9]
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[13, 14], and use it together with Heisenberg’s Principle to obtain STUR in
this situation.
In section 2 we fix some notation and present our method for minkowskian
backgrounds. In section 3 we discuss the condition for the formation of
trapped surfaces in Friedmann flat cosmologies, while in section 4 our STUR
are obtained. In the sections 5 we derive some physically relevant conse-
quences of our STUR. In section 6 we consider inflationary cosmologies.
Section 7 is devoted to the construction of a concrete model of quantum
Friedmann spacetime. The mathematical tools necessary achieve this result
are relegated to the Appendix.
2 Preliminaries
In this section we introduce a more thorough description of our procedure
and some notation to be used later. In particular, we stress the quantum
field theoretic nature of our approach, as opposed to methods based on non
relativistic Quantum Mechanics2. For the sake of clarity and completeness,
we also briefly recall previous results for Minkowski backgrounds.
2.1 Localization and the notion of space-time point
In classical general relativity one deals with a four dimensional manifold
(spacetime) M equipped with a lorentzian metric. All points in a given
spacetime can be labeled by (local) coordinates xµ. Given this structure,
relativistic quantum matter is introduced by means of quantum fields. His-
torically, since gravitational effects are negligible at the relevant scales, the
formalism was developed for Minkowski spacetime (still to be denoted by
M), but the extension to curved geometries is nowadays completely clear.
However, for the sake of clarity, we will present the idea underlying our ap-
proach in the flat case. The generalisation is (at least in principle) more or
less straightforward.
We already stressed that our point of view is substantially different from
the ones based on non relativistic Quantum Mechanics. In the non relativis-
tic case, in fact, the position of a single particle is an observable represented
by a selfadjoint operator and the standard deviation ∆xµ is a good measure
of the limits of our knowledge of it when the particle is in some specific state.
For example, in Heisenberg’s microscope experiment the operators xi, with
2See for example [1] for one of the first attempts, [15] for a review and some bibliogra-
phy, [16] for a first assessment of the differences between the two points of view.
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i = 1, 2, 3 are position observables associated, say, to a specific electron.
However, as we shall now briefly recall, this is not the case in relativistic
Quantum Field Theory (QFT).
A field is usually viewed as a way to attach physical degrees of freedom
to a spacetime point. This means that the physical quantities the theory
speaks about are precisely those degrees of freedom, while a point is to
be seen as a mere label or (if coordinates are introduced) parameter. Its
status may be compared with the one of time in non-relativistic Quantum
Mechanics. This is why in QFT one (loosely) speaks about observables O(x)
at a point x and we are not interested in limitations in the measurement of
the position of some particle, but in limitations that the presence of gravity
puts on localisability of quantum field theoretic observables.
However, quantum fields do not really make sense when evaluated at a
point. More precisely, they are operator-valued tempered distributions: af-
ter “smearing” with some Schwartz test function f (that is evaluated on f),
they give (in general unbounded) operators acting on some Hilbert space H
with scalar product (·, ·) containing a distinguished vector ψω called the vac-
uum. The Hilbert space H is usually supposed to carry a unitary represen-
tation U of the Poincare´ group P. There is also mass operator M = PµPµ,
µ = 0, . . . , 3, where the Pµ’s are the generators of translations. Moreover,
there is a unique vacuum vector ψω, defined by U(Λ)ψω = 0 for every Λ ∈ P.
Conventionally (to fix ideas we will consider a real scalar field), we write
Φ(f) =
∫
M
Φ(x)f(x)dx f ∈ S. (1)
It is usually assumed that from the operators Φ(f), f ∈ S with suppf = O,
we can construct all quantum observables localised in the region O. They
form an algebra A(O) of operators that we label by O to indicate that they
are localised there3. Of course, the crucial ingredient of locality comes from
the commutation relations of fields. From these one infers
[Φ(f1),Φ(f2)] = 0 (2)
whenever suppf1 and suppf2 are space-like separated. The corresponding
algebras then commute and observables with casually disjoint supports are
compatible in the sense of Quantum Mechanics.
So far so good for what concerns observables. On the other hand, a state
vector ψ ∈ H is said to be localised in some spacetime region O if it “looks
3For Φ a scalar field, the quantities Φ(f), f ∈ S, will themselves be observables. This
is not true, for example, for a fermionic field.
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like the vacuum” for observations with support space-like separated from O,
that is (ψ,Aψ) = (ψω, Aψω) for any A ∈ A(O˜) and O˜ space-like from O
[17]. Such vectors are generated from the vacuum by partial isometries in
O, a typical example being eiΦ(f)ψω, suppf ∈ O [18].
To describe particles, one must first single out a single particle space, a
subspace H(1) ⊂ H. This is done by exploiting the assumed existence of the
representation U of P: it corresponds to the discrete part of the spectrum of
the mass operatorM = PµPµ. Thus, vectors inH(1) represent single particle
states. However the crucial fact, as first pointed out by Newton and Wigner
[19], is that such vectors cannot be interpreted as spacetime wave functions
for the corresponding particle and this entails the well known problems in
the definition of a position (or coordinate) observable in QFT.
Finally, we point out that Heisenberg’s microscope experiment is de-
scribed in the language of QFT by making use of the complicated machin-
ery of scattering theory. Unfortunately, for the moment we deal with much
more basic matters and as a consequence we absolutely do not claim that
the results concerning the localisation of particles obtained in non relativis-
tic approaches are wrong, but only that at they are not relevant for the
scopes of this paper.
Consider now a sequence fn → δp (in a suitable sense). The spacetime
supports On of the operators Φ(fn) shrink to the point p with coordinates
xp and so will the ones of the observables obtained from them. By using
the partial isometries mentioned before, we obtain corresponding localized
states. However, we have to pay a price: the average energy of the states will
increase to infinity as the support shrinks to a point, as it can be seen by a
simple application of Heisenberg’s uncertainty relations (see below for more
details). But if gravitational effects are disregarded there is in principle no
higher bound whatsoever to the energy density of a state so that we can
ideally approach sharp localisation of observable quantities at a point as
much as we want, and in this way attach an operational meaning to the
concept of point p with coordinates xp.
When gravity is taken into account, however, things change drastically.
We are no more free to increase the energy density as much as we want
due to the possible production of event horizons, which hide the region to
a (distant) observer. This motivated in [3] the formulation of a Principle of
gravitational stability against localisation of events (PGSL):
The gravitational field generated by the concentration of energy re-
quired by the Heisenberg uncertainty principle to localise an event in
spacetime should not be so strong to hide the event itself to any distant
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observer - distant compared to the Planck scale.
It should be clear that the terminology “event” is used above (and below) in
the same sense as Einstein did: an event is not a physical process but rather
a place (specified by some parameters called coordinates) where a physical
process could take place.
To implement the PGSL, two ingredients are needed:
1) general conditions for the (non) formation of horizons on the relevant
background;
2) an estimate of the energy of the localised matter or radiation.
It was thus natural to begin with the minkowskian case, first described in
[3]. There, a linear approximation of Einstein’s equations was used as for 1)
and the Heisenberg uncertainty relations for 2). We stress that the fact that
the energy content of the localisation experiment was evaluated making use
of non relativistic Quantum Mechanics has nothing to do with the general
quantum field theoretic point of view but must be regarded as a (certainly
rough but surprisingly effective) approximation4.
All in all, they found
c∆t
(
∆x1 +∆x2 +∆x3
) ≥ λ2P , (3)
∆x1∆x2 +∆x1∆x3 +∆x2∆x3 ≥ λ2P . (4)
where the ∆xµ’s, µ = 0, . . . , 3 should be interpreted as lengths of the edges
of the “localising box”. The idea was to identify ∆xµ, µ = 0, . . . , 3 with the
mean standard deviations
∆xµ
.
= ∆ωφx
µ =
√
ωφ((xµ)2)− ωφ(xµ)2 =
√
(φ, (xµ)2φ)− (φ, xµφ)2, (5)
of suitable hermitian operators xµ, µ = 0, . . . , 3, acting on some Hilbert
space H with scalar product (·, ·) and satisfying commutation relations such
that (3) follow (here ωφ is a so called vector state and φ ∈ H). The xµ
are regarded to as (global) quantum coordinates on a quantum Minkowski
spacetime E , which in turn was (as usual in non commutative geometry)
identified with the C∗-algebra (see [20]) they generate5. This is of course in
4In the case of a (three)-spherical localisation region S , it was possible to obtain math-
ematically rigorous estimates in a more realistic relativistic setting, that is describing
matter by relativistic quantum fields [11]. The results were completely similar.
5To be more precise, an abstract analysis of (3) was performed in [3] to determine an
abstract C∗-algebra with generators xµ having a (unique in this case) representation on
some Hilbert space in which the xµ are represented by hermitian operators and satisfy (3)
for any state ω on E .
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complete analogy with Quantum Mechanics, but with the crucial difference
that here the same mathematical objects are interpreted in a completely
different way.
We stress that, coherently with a quantum field theoretic point of view,
the xµ should be seen as a space of non commutative parameters that (to-
gether with the corresponding states on E) describe “non commutative lo-
calisation properties” of quantum fields now defined on E . These fields were
actually constructed in [3] (but see also [5],[6]).
2.2 Beyond the linear approximation: Penrose inequality
The fact that the linear approximation is unsatisfactory in deriving condi-
tions that black holes do not form was of course clear since the beginning6.
The main idea in [10], which for future use we shortly recall below, was to
replace it by the Hoop Conjecture, expressed in terms of Penrose’s inequality
(see [21, 22, 23, 24] and references therein):
For asymptotically flat data, horizons form if and only if
A < 16pi
G2
c4
M2, (6)
where A is the proper area enclosing the collapsing object of total mass
M .
At this point, it is important to notice that the mass present in (6) is nothing
else the total mass (ADM mass) of the black hole, i.e. the proper mass Mp
together with the (negative) contribution due to the binding gravitational
energy, so that M ≤ Mp. However, since to obtain our STUR we use the
Heisenberg inequalities (9), we need a formulation of the Penrose inequal-
ity in terms of a proper local mass within a finite region of proper area
A. To this purpose, in the limiting case of asymptotically flat spacetimes
with spherically symmetric collapsing masses, we have at our disposal the
theorems in [12], where the condition that horizons form is expressed only
in terms of proper lengths and proper masses. Thanks to these theorems,
we could be tempted to write the Penrose inequality (6) in terms of Mp to
obtain a less restrictive and only necessary condition. Fortunately, we only
need a sufficient condition to avoid horizon formation in a thought experi-
ment, as provided by inverting (6) and setting M = Mp. In the following,
we drop the subscript “p” for masses and energy enclosed within A. To
6Sergio Doplicher, private communication
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summarise, we obtain the following sufficient condition for no black hole
formation as:
A ≥ 16piG
2
c4
M2. (7)
We need to evaluate the proper area A of the localising region. As a working
approximation and following [10], we take the one of the background (that is
the chosen spacetime without the experiment). Choosing cartesian coordi-
nates and indicating by ∆xi, i = 1, 2, 3, the sides’ lengths of a parallelepiped,
we may write
A =
∆A
β2
=
∆x1∆x2 +∆x1∆x3 +∆x2∆x3
β2
, (8)
in view of the fact that our background is now by assumption minkowskian.
Note that in order to ensure that in the spherical case (∆x1 = ∆x2 =
∆x3 = 2∆R with obvious notation) we have A = 4pi∆R2, we need to take
β2 = 3/(pi) [15].
We estimate the energy of the collapsing field configuration making use
of Heisenberg’s uncertainty relations
∆xj∆pj ≥ ~
2
, i, j = 1, 2, 3 ∆t∆E ≥ ~
2
, (9)
(here p is the momentum, t the time, E the energy). For a single particle
we have E2 ≥ c2(p21 + p22 + p23), so that substituting in (7) we arrive at the
relation:
∆A ≥ 12λ4P
[(
1
∆x1
)2
+
(
1
∆x2
)2
+
(
1
∆x3
)2]
. (10)
To express the preceding inequality in terms of geometrical quantities
only, we observe that
∆A√
3∆V
≤
√(
1
∆x1
)2
+
(
1
∆x2
)2
+
(
1
∆x3
)2
≤ ∆A
∆V
, (11)
where ∆V = ∆x1∆x2∆x3 stands for the three-volume of the localising box.
This shows that the ratio ∆A/∆V has exactly the same behaviour than the
right hand side of (10) as a function of ∆xi, i = 1, 2, 3. To get a sufficient
condition we use the right hand side inequality, so that the final form of our
minkowskian space-space STUR is
(∆ωx
1)
2
(∆ωx
2)
2
(∆ωx
3)
2 ≥ 12λ4P
(
∆ωx
1∆ωx
2 +∆ωx
1∆ωx
3 +∆ωx
2∆ωx
3
)
.
(12)
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while for our minkowskian time-space STUR we obtain (this time we use
the time-energy Heisenberg relation)
(c∆ωt)
2 (∆ωx1∆ωx2 +∆ωx1∆ωx3 +∆ωx2∆ωx3) ≥ 12λ4P . (13)
Here, we added the subscript ω to emphasise the dependence on states now
that the inequalities have a quantum interpretation. For later reference, we
mention that
∆ωx
1∆ωx
2∆ωx
3 ≥ 4
√
123λ3P , (14)
must then hold [10], so that a lower bound for the volume appears. From
it, the existence of a mean maximal mass-energy density for such states can
be deduced.
Significantly, the DFR uncertainty relations could be recovered as a
weakening7 of (12),(13) by making use of the following simple algebraic
inequalities
(a+ b+ c)2 ≥ ab+ bc+ ac, (15)
(ab+ bc+ ac)3 ≥ a2b2c2.
It is thus reasonable to regard the DFR commutation relations as a reason-
able approximation to commutation relations implementing (12),(13). In
Section 7, we will use the same approximation to build a DFR-like quantum
Friedmann expanding spacetime.
3 Isoperimetric inequalities in Friedmann-Walker
cosmological backgrounds
In order to extend the reasoning presented in section 2.2 to cosmological
spacetimes, we face the problem that condition (7) does not hold in general
non asymptotically flat spacetimes. As it is well known, establishing mathe-
matically rigorous conditions about the formation of horizons is a formidable
task. However, if we restrict our attention to trapped surfaces, then inequal-
ities are at our disposal in the form of exact theorems that provide necessary
or sufficient conditions that they do not form.
A first class of results (see [13]) concerns spherically symmetric collapses
in open spatially flat universes under the assumption that initial data are
7In particular, the ratio ∆A/∆V is substituted by the smaller quantity (∆A)−1/2.
Thus, localisation regions with zero volume are allowed.
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given such that the trace of the extrinsic curvature is spatially constant.
They assert that a spatial spherical surface S with proper radius
LS =
∫ R
0
a(t)dr = a(t)R, A = 4pia(t)2R2, (16)
and area A is not trapped if and only if the amount of the positive excess
proper mass δM (the extra mass apart from the constant background density
filling the spacetime) inside S satisfies
LS
2
+
HA
4pic
>
G
c2
δM, (17)
The excess proper mass δMS must be positive, i.e. the weak energy con-
dition holds. The proper quantities LS and A both refer to the spacetime
with the excess mass δM , i.e. the backreaction is taken into account. The
condition approaches Penrose’s inequality (7) for the spherical case as we
take smaller values of H8.
Moreover, for spacetimes conformally equivalent to Friedmann flat solutions
(i.e. with metric gˆµν = Φ
4gµν where gµν is Friedmann) a theorem in [14]
gives a necessary condition that a (generic, not necessarily spherical) equipo-
tential spatial surface9 S with proper area A be trapped:
G
c2
δM ≥ 1
2
√
A
pi
+A
√
ρ
6pi
, (18)
with δM the excess proper mass and ρ = 3H2/8piG. Inverting the inequality,
we get the desired sufficient condition that black holes do not form.
Summing up, it is reasonable to consider the following generalisation of
Penrose’s isoperimetric inequality for Friedmann flat expanding cosmologies:
black holes do not form if the (positive) excess of proper mass δM inside a
surface S of proper area A satisfies the inequality:
√
A
4
√
pi
+
HA
4pic
≥ G
c2
δM. (19)
In the next section we apply the former generalised isoperimetric conjecture
to obtain new STUR.
8It is worth noticing that the STUR above can be extended to a de Sitter spacetime:
the only change to be made is to set H(t) = c
√
Λ/3.
9This is a surface on which Φ is constant. It can be shown that outside matter this is
equivalent to constancy of constant redshift.
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4 STUR in Friedmann flat spacetimes: general
case
We can take advantage of inequality (19) to obtain new STUR. Suppose then
we want to enclose a certain amount δE = c2δM of energy during a fixed
time interval ∆t (here and in the following t will indicate proper time) in a
certain space box S of proper area A, with the condition that no horizons
form during the experiment. Then, we see from the preceding section that
it is reasonable to impose
√
A
4
√
pi
+
〈H〉A
4pic
≥ G
c4
δE. (20)
where by 〈H〉 we indicate the mean value of H during ∆t.
First, to evaluate δE we shall use the quasi-local energy (see [10, 25, 26]).
Second, we stress that according to (19) only proper distances should appear
in (20). However, in the following we will estimate the proper area of the
localising box.
With this in mind, we introduce a tetrad frame with spatial axes along the
sides of the box. Such an experimenter measures the proper time t and the
(infinitesimal) proper length at a given fixed time t in terms of η(a):
dη(a) = e(a)µ dx
µ, (21)
where xµ = (t, xi) and (a) = 0, 1, 2, 3. From now on, we shall drop any
specific notation for tetrad indices. Since we want to test the non commuta-
tive structure at Planck’s length, it is natural to suppose that the “proper”
localising box has comparable dimensions. Thus, to determine the proper
lengths of the spatial sides of the box, an integration of (21) at a given fixed
time t and over a small spatial domain suffices. This gives ∆ηi = ηi2 − ηi1,
where of course ηik, k = 1, 2, indicate the ’proper’ coordinates of the two
extremes of the relevant edge and, thanks to (21),
ηi = a(t)xi. (22)
Furthermore, since at a fixed arbitrary t the metric is spatially flat, the area
of the box has the same form of the minkowskian one, albeit expressed in
terms of the proper length of the edges ∆η(a). Moreover, since in a Fried-
mann universe the photon energy is E = hc/λa(t) with λa(t) the photon
proper wavelength, a comoving observer is legitimated to write the Heisen-
berg uncertainty relations as follows:
∆ωE∆ωt ≥ ~
2
, ∆ωpηi∆ωη
i ≥ ~
2
, ∀i = 1, 2, 3. (23)
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for any state ω. The derivation of the STUR in a generic stationary asymp-
totically flat background now parallels the procedure in Section 2, with the
only proviso that we must rewrite everything in terms of the quantities ∆ωη
i,
i = 1, 2, 3 and ∆ωt
10. In particular, we derive the space-space STUR using
inequalities (11) to estimate the right hand side of (20) in terms of the ratio
∆ωA/∆ωV . Thus, the final form of our space-space STUR is
√
∆ωA
4
√
3
+
ω(H)∆ωA
12c
≥ λ
2
P
2
∆ωA
∆ωV
. (24)
For the time-space STUR, thanks to (20) and (23) we get:
c∆ωt
(√
∆ωA
4
√
3
+
ω(H)∆ωA
12c
)
≥ λ
2
P
2
. (25)
Expressions (24), (25) represent the generalisation of the minkowskian STUR
in [10] to Friedmann flat spacetimes.
It is important to note that under very reasonable hypothesis ω(H) > 0 and
the presence of a non zero Hubble flow reflects itself in weaker uncertainty
relations than in the flat case. So to put it, since making black holes in
expanding spacetimes is harder then localisation is easier. One may think of
this fact in terms of the appearance of an effective (smaller, H-dependent)
Planck length. Correspondingly, we may say that the minkowskian STUR
are stronger the Friedmann-like ones: the inequalities are stricter. We
conclude that should we consider analogous less stringent inequalities then
Friedmann’s, then we would be departing even more from the flat case. In
Section 7, when presenting a concrete realisation of a Friedmann-like non
commutative spacetime, we will actually start from a more workable less
stringent form of (24), (25).
5 Big bang Friedmann flat cosmologies
In this Section we shall study some general properties of states “far from”
the big bang singularity which can be drown from the STUR (24),(25). We
will work under the following assumptions:
a) the existence of a quantum (non commutative) Friedmann spacetime,
i.e. a (C∗)-algebra E satisfying certain desirable properties as for ex-
ample specified in subsection 2.1 and Section 7. The STUR are fulfilled
10We remind the reader that the symbols ∆ωA or ∆ωV are shorthands for the corre-
sponding combinations of these uncertainties and do not indicate standard deviations of
area or volume operators.
12
with respect to all states of E . Here and in the following any expres-
sions involving the evaluation of states on (generalised, unbounded)
elements of E will be assumed to make sense and the self adjoint gen-
erator t to have a positive spectrum (i.e. sp(t) ∈ R+). 11
b) All states are considered to have geometrical meaning (see below).
Condition b) is motivated by the fact that, as customary in the case of con-
strained quantum systems, not all states need to be considered. For example,
in noncommutative geometry only pure states (i.e. states that are not mix-
tures) are identified with points. Moreover, in [3] among all pure states only
those having a certain property of “maximal localisation” are considered.
We emphasise that this is a completely different restriction than the one in-
troduced in Subsection 5.2, where in the presence of particle horizons we will
introduce one more condition to select, among the geometrically meaningful
ones, states corresponding to physically realisable localisation experiments.
5.1 Away from the big bang
To start with, we need a quantitative characterisation of what we mean for a
state ω to be “away from the big bang”. To this end, we observe that on the
one side the quantity 1/H(t) is classically an approximation of the age of the
average universe, and on the other it is reasonable to ask for the preparation
of such a state (localisation experiment) not to have started at ages near
the big bang. Thus, we might wish to impose the condition that light take
a smaller time than ω(H−1) to travel the whole diameter of the localisation
region itself. This means asking that
√
∆ωA << cω(H
−1). However, for the
sake of simplicity, we will make use of the inequality 1 ≤ ω(a)ω(a−1) (valid
for positive invertible operators a) and impose the thus stronger requirement
that
ω(H)
√
∆ωA << c. (26)
To see what this means, consider a box of size ∼ 1035λP ≃ 1 meter. Condi-
tion (26) implies that ω(H) << 108 s−1. As a result, for a macroscopic box
of this size also the beginning of the nucleosynthesis (t ∼ 10−2 s) can be
considered “away from the big bang”. However, taking a box of size ∼ λP
and assuming ω(H) ≃ ω(t)−1, condition (26) takes the form ω(t) >> tP .
Using (26) to eliminate the H dependence in (24),(25), for states ω away
11This is motivated by the requirement of a reasonable classical limit, see section 7.
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from the big bang we see that the inequalities
(c∆ωt)
2 (∆ωη1∆ωη2 +∆ωη1∆ωη3 +∆ωη2∆ωη3) ≥ u1λ4P ,
(∆ωη
1)
2
(∆ωη
2)
2
(∆ωη
3)
2 ≥ u2λ4P
(
∆ωη
1∆ωη
2 +∆ωη
1∆ωη
3 +∆ωη
2∆ωη
3
)
,
with some constants u1, u2 > 0 must be automatically satisfied. They are
completely analogous to the minkowskian case, so that as in Subsection 2.2
we have
∆ωη
1∆ωη
2∆ωη
3 ≥ u3/42 λ3P .
5.2 Cosmologies with particle horizons
We now restrict our attention to power law cosmologies with particle hori-
zons, where a(t) = tα, α ∈ (0, 1) and H(t) = α/t. Classically, for an
observer at (proper) time t the particle horizon is the maximal proper spa-
tial region that is in causal relation with him. It is a spherical region with
proper radius
ηh(t) = a(t)
∫ t¯
0
cdt′
a(t′)
, (27)
so that
ηh(t) =
ct
(1− α) =
cα
(1− α)H(t) . (28)
As a result, an experimenter at time t cannot localise spatial regions with
radius bigger than (28). Points outside the horizon certainly have a geomet-
rical meaning, but since are completely inaccessible to the given observer
have no physical meaning at all for him. For this reason, when moving to
the quantum level we will consider a geometrically meaningful state to be
physical whenever
max
i=1,2,3
{ω(H)∆ωηi} ≤ αc
(1− α) , (29)
so that we obtain
ω(H)
√
∆ωA ≤
√
3
αc
(1− α) . (30)
Combining (30) with (24), (25) we obtain
(c∆ωt)
2 (∆ωη1∆ωη2 +∆ωη1∆ωη3 +∆ωη2∆ωη3) ≥ 12λ˜4P ,
(∆ωη
1)
2
(∆ωη
2)
2
(∆ωη
3)
2 ≥ 12λ˜4P
(
∆ωη
1∆ωη
2 +∆ωη
1∆ωη
3 +∆ωη
2∆ωη
3
)
,
where
λ˜P = λP
√
1− α. (31)
14
Thus, inequalities formally identical to the minkowskian STUR are satis-
fied, albeit with an “effective” Planck’s length12 λ˜, with all consequences.
In particular, the existence of a minimal volume is especially remarkable,
because it indicates that if the expansion is sufficiently fast at early times the
restriction to physical states may rule out a big bang pointlike singularity.
We now provide some more evidence towards this conclusion. Although
as expected these imply no lower limit on the precision of the measurement
of a single (proper) coordinate, it is not difficult to see that the space-space
minkowski like inequality provides
max
i=1,2,3
{∆ωηi} ≥
√
6λ˜P . (32)
But then from (29) we immediately deduce
ω(H) ≤ α
(1− α)√6(1 − α)tP . (33)
Now, taking into account the classical Einstein’s equations H2 = 8piGρ/3,
we infer
ω(ρ)max =
α2
16pi(1 − α)3ρP , (34)
where ρ indicates the mass density. This equality is consistent with well
known results from loop quantum gravity ([27] and more recently [28]) and
can be regarded at as an additional indication that quantum mechanical
effects prevent the appearance of a big bang singularity (when particle hori-
zons are present).
6 Inflationary models without big bang
In section 5, we studied our STUR in spacetimes under the condition that
t be positive. This condition is certainly suitable for cosmological models
starting at t = 0 with the big bang. However, for completeness we can con-
sider another class of models motivated within the inflationary paradigm
[29]-[35], with t ranging in the whole real line R and a regular metric (no
big bang) at t = 0.
As an example, we can consider the proposal advanced in [36], where an over
12Note that λ˜P becomes smaller when approaching α = 1, the limit value for inflationary
cosmologies. Thus, for these cosmological solutions of Einstein’s equations the effective
length scale can be smaller than λP . In any case cosmologies with α ∈ (2/3, 1) have
negative hydrostatic pressure P and then do not represent usual matter.
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horizon universe is represented by a De Sitter metric with embedded spher-
ical bubble of true vacuum evolving separately as Friedmann universes. As
an extreme idealisation, it should be possible in principle to build an early
inflationary universe emerging from a Minkowski spacetime (see for example
[37]).
In any case, what it is important for our purposes is that in the usual ap-
proach the curvature of the spacetime is neglected, since during the early
inflationary epoch the universe expanded very quickly. Hence, the primor-
dial inflation can be well depicted in terms of a spatially flat metric. For the
description of inflation, one introduces a potential V (φ), where the scalar
potential φ is a time function satisfying the Klein Gordon equation in a flat
background:
φ,t,t
c2
+ 3H
φ,t
c2
+
dV
dφ
= 0. (35)
Note that the potential V (φ), after solving equation (35) in terms of φ(t),
can also be expressed directly in terms of the cosmological time t [38, 39].
This fact is important, since it allows to extend the construction of the
next section to this case. Moreover, as it is well known the introduction of a
generic potential V (φ(t)) is equivalent to adding in the Friedmann equations
the contribution of a perfect fluid with pressure pφ and energy density ρφ
and equation of state pφ = c
2γ(t)ρφ. The result is
H2(t) =
8
3
piG (ρ+ ρφ) , (36)
ρφ =
φ2,t
2c4
+
V (φ)
c2
, pφ =
φ2,t
2c2
− V (φ), (37)
where the density ρ denotes other kinds of usual matter (radiation, dark
matter...) already present in the universe. As a consequence, even for these
cosmological models the STUR (24) and (25) hold unchanged. The solutions
of (36) and (37) obviously lead to Friedmann-Lemaitre cosmologies: they are
spatially homogeneous and the dimension s of the group of transitivity is
s = 3 and the one of the group of isotropy is g = 3. Hence, such spacetimes
always admit six Killing vectors, with the exception of de Sitter spacetime
(s = 4 and g = 6). This is the second ingredient needed to include all such
spacetimes in the class of quantum models constructed in the next section.
7 Models of quantum expanding spacetimes
In this section we outline the construction of concrete models of quantum
Friedmann cosmological spacetime and then briefly discuss some of their
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properties. Notice that an assignment of a classical background is equivalent
to fixing a specific Hubble flow H. Correspondingly, we will build models
quantum Friedmann spacetime regarding H as the given input. However,
we will not take the STUR (24), (25) as our starting point but rather the
following weaker but more workable version:
∆ωA
(
1
4
√
3
+
ω(H)
√
∆ωA
12c
)
≥ λ
2
P
2
, (38)
c∆ωt (∆ωη1 +∆ωη2 +∆ωη3)
(
1
4
√
3
+
ω(H)
√
∆ωA
12c
)
≥ λ
2
P
2
, (39)
where of course ∆ωA is just a shorthand as in (8). It is obtained by making
use of inequality (15) to eliminate the dependence on the three-volume ∆ωV
in (24) and substituting
√
∆A ≤∑∆ηi in (25).
For the sake of definiteness, we collect below some desirable properties
of a “concrete quantum model”. Notice the reference to a specific Hilbert
space: we will not consider the problem of defining an abstract C∗-algebra
whose inequivalent representations provide all (reasonable) “concrete quan-
tum models”.
Definition. A (complex) *-algebra A of operators acting on some
(separable) Hilbert space H with (self adjoint unbounded) generators ηµ,
µ = 0, . . . , 3, is said to be a concrete covariant realisation of the non com-
mutative spacetime M corresponding to the (classical) spacetime M with
global isometry group G if:
1) the relevant STUR are satisfied;
2) there is a (strongly continuous) unitary representation of the global
isometry group G under which the operators η transform as their clas-
sical counterparts (covariance);
3) there is some reasonable classical limit procedure for λP → 0 such
that the ηµ become in an appropriate sense commutative coordinates
on some space containing the manifold M as a factor.
In what follows, we will focus on constructing quantum coordinate op-
erators on some separable (i.e. having a countable basis) Hilbert H space
having the properties stated in 1), 2) above. We recall that all flat Friedmann
metrics share one important characteristic: six Killing vectors generating a
SO(3)⋉R3 global isometry group. Concerning the only exception, de Sitter
spacetimes, one can show that our STUR still hold and a slight modification
of the construction below provides operators with the correct commutation
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relations. However, in this case we do not have a “quantum model” since
we cannot implement the whole (nonlinear) isometry group.
We leave for the future a more detailed study of crucial mathematical
properties such as the existence of suitable invariant domains and so on.
We expect them to be essential for the understanding of the representation
theory of the (C∗)-algebra generated by the coordinate operators. Also, we
will not try to seriously address item 3) but only ask that the spectrum
sp(ηk) of the quantum coordinate operators ηk, k = 1, 2, 3 be always the
real numbers R and the spectrum sp(t) of t be the R or just the strictly
positive reals R+.
A remark is here in order. In Quantum Mechanics what matters is not
the concrete Hilbert space on which the observable operators act, but their
spectrum and the abstract algebra they generate. To be more concrete, since
for any two separable Hilbert spaces H1,H2 there is a unitaryW : H1 → H2,
then the physics provided (and the algebra generated) by any (bounded)
operators S, T onH1 and their commutator [A,B] will be the same as the one
provided by WAW−1,WBW−1 and W [A,B]W−1 = [WAW−1,WBW−1].
For the sake of clarity we start by a lemma which motivates all the
construction below. Roughly speaking, it says that if we find operators on
some Hilbert space satisfying a suitably modified version of the minkowskian
STUR (in which the Planck length so to say depends on H(t)) then we know
that they satisfy (38),(39).
Lemma 1. Consider the equation w3 + kw2 − 2 4√3k = 0 (k =√4c/3λPH,
H ≥ 0) and its solution f0(H) : R+ → R. Suppose the selfadjoint operators
t, ηk, k = 1, 2, 3, on the Hilbert space H satisfy the uncertainty relations
c∆ωt
(
∆ωη
1 +∆ωη
2 +∆ωη
3
) ≥ λ2P |ω (f0 ◦H(t))|, (40)
∆ωη
1∆ωη
2 +∆ωη
1∆ωη
3 +∆ωη
2∆ωη
3 ≥ λ2P |ω (f0 ◦H(t))|. (41)
Then they also satisfy modified STUR (38), (39).
Proof. To start with, observe that f0 → 8
√
12 asH → 0 and f0 ∼ (c/HλP )2/3
as H → +∞. Moreover, f0 > 0 for H ≥ 0 and hence f0 ◦H(t) is a positive
(bounded) operator. Plugging inequalities (40) and (41) into the left hand
sides of (38) and (39) respectively we obtain the smaller quantity
Fω = |ω(f0)|
(
1
4
√
3
+
ω(H)
√|ω(f0)|λP
12c
)
.
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We now use a consequence of Schwartz inequality ω(a∗a)ω(b∗b) ≥ ω(ab)2 for
positive self-adjoint operators a, that is
√
ω(a) ≥ ω(√a):
Fω ≥ ω(f0)
(
1
4
√
3
+
ω(H)ω(f
1/2
0 )
12c/λP
)
≥ ω(f0)
(
1
4
√
3
+
ω(H1/2f
1/4
0 )
2
12c/λP
)
≥
≥ ω(f
1/2
0 )
2
2
ω
(
1
2 4
√
3
+
H1/2f
1/4
0
2
√
3c/λP
)2
≥ 1
2
ω

f1/40
√√√√ 1
2 4
√
3
+
H1/2f
1/4
0
2
√
3c/λP


4
.
It is now obvious that the STUR (38),(39) will be satisfied as long as
ω

f1/40
√√√√ 1
2 4
√
3
+
H1/2f
1/4
0
2
√
3c/λP


4
= 1.
is satisfied for any state ω. But this is a consequence of the operator equality
f
1/2
0
(
1
2 4
√
3
+
H1/2f
1/4
0
2
√
3c/λP
)
= I, (42)
which by functional calculus follows from the cubic equation in the state-
ment.
We now come to the main result of this section.
Proposition 2. Let M = I×Σ be the background manifold, t the universal
time, H(t) : I → R+ be the associated Hubble parameter and f0 : R+ → R be
the bounded smooth strictly positive function of Lemma 1. Then there are op-
erators ηµ, µ = 0, . . . , 3 on the Hilbert space L
2(R5, dξ)⊗L2(SO(3), dµ(R))13,
essentially selfadjoint on a domain D to be specified below, such that for any
state ω in their domain and any sufficiently regular strictly positive real
function f on R+ the inequalities (38) and (39) hold true. Moreover, there
is a unitary representation U of the group G = SO(3)⋉R3 such that
U(R, a)ηiU(R, a)
−1 = Rikηk + aiI, U(R, a)η0U(R, a)
−1 = η0,
for (R, a) ∈ SO(3)⋉R3.
13Here and in what follows dµ(R) indicates the unique invariant Haar measure and
R ∈ SO(3).
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Proof. Thanks to Lemma 1, we only have to construct operators on some
Hilbert space satisfying inequalities (40), (41) and a unitary strongly con-
tinuous representation U of the isometry group G = SO(3). Consider now
the operators (t˜, η˜i), i = 1, 2, 3, on L
2(R5, dξ) defined in Lemma 4 of Ap-
pendix 1 and fix some γ such that Im(γ) = I. Then, the first condition is
perfecly met but we lack U . Following [40], we thus proceed with a direct
integral construction on the group G and define our coordinate operators
(t = η0, ηi), i = 1, 2, 3 on L
2(R5, dξ)⊗ L2(SO(3), dµ(R)) setting
t (φ1(ξ)⊗ φ2(R)) = t˜φ1(ξ)⊗ φ2(R), (43)
ηi (φ1(ξ)⊗ φ2(R)) = Rij η˜jφ1(ξ)⊗ φ2(R) = η˜jφ1(ξ)⊗ φ2(R)Rij (44)
where i, j = 1, 2, 3 and Rij = Rij(R) indicates the matrix corresponding to
R in the defining three dimensional representation of SO(3). Their commu-
tation relations read
[ηµ, ην ] = i
√
3λ2PKµν Kµν (φ1 ⊗ φ2) = RµρRνσA˜ρσφ1 ⊗ φ2, (45)
Rνσ = diag{1, Rij}, A˜ρσ = {[η˜ρ, η˜σ]}, µ, ν, ρ, σ = 0, · · · , 3.
By construction we now get the unitary strongly continuous SO(3)-action
U(R′) (φ1(ξ)⊗ φ2(R)) = φ1(ξ)⊗ φ2(R′R).
We now define new unitaries U(a) = U˜(a) ⊗ I for a ∈ R3, where U˜ is the
representation of R3 defined in Lemma 4. Then a direct calculation shows
that the unitaries U(R, a) = U(a)U(R) are such that
U(R, a)ηµU(R, a)
−1 = Rµνη
ν + aµI, (46)
U(R, a)KµνU(R, a)−1 = RµρRTνσKρσ,
as desired. We recall that the electric and magnetic parts
e˜ =
(
A˜01, A˜02, A˜03
)
= 2
(
f ◦H(t˜), 0, 0)
m˜ =
(
A˜23, A˜13, A˜12
)
= 2
(
0, 0, f ◦H(t˜))
respectively of the four tensor A˜ by definition transform under rotations as
a pseudo-vector and a vector. As a consequence, we may write
K0r (φ1 ⊗ φ2) = Rrle˜lφ1 ⊗ φ2, Kij (φ1 ⊗ φ2) = Rksm˜sφ1 ⊗ φ2. (47)
for i, j, k, l, r, s = 1, 2, 3 and i 6= j 6= k.
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We now show that inequalities (40),(41) are satisfied by the operators
(t = η0, ηi), i = 1, 2, 3. To do this, we will show that the left hand sides there
are greater than a quantity which is rotation invariant and hence constant
on fibers over SO(3). Then, we will use 4 of Appendix 1.
Consider the Hilbert space L2(R5, dξ) ⊗ L2(SO(3), dµ(R)). It is naturally
unitarily equivalent to the space L2(SO(3), L2(R5, dξ), dµ(R)) of square
integrable functions on SO(3) with values in L2(R5, dξ). For the sake
of clarity we restrict to vector states defined by the dense (in the unit
ball of L2(R5, dξ) ⊗ L2(SO(3), dµ(R))) set of vectors φ1(ξ) ⊗ φ2(R), with
φ1 ∈ L2(R5, dξ) and φ2 ∈ L2(SO(3), dµ(R)) of unit norm. The general case
would follow by abstract arguments [20]. Evaluated on the operators ηµ,
they look like
ωφ1,φ2(ηµ) =
∫
|φ2(R)|2φ1(ξ)∗(Rµν η˜νφ1)(ξ)dξdµ(R) =
=
∫
ω˜φ1(Rµν η˜ν)|φ2(R)|2dµ(R),
where ω˜φ1 indicates the vector state on operators on L
2(R5, dξ) defined by
φ1. Concerning variances, a simple adaptation of an argument in [3] gives:
∆ωφ1,φ2(ηµ) ≥
∫
∆ω˜φ1(Rµν η˜ν)|φ2(R)|
2dµ(R),
∆ωφ1,φ2(ηµ)∆ωφ1,φ2(ην) ≥
∫
∆ω˜φ1(Rµρη˜ρ)∆ω˜φ1(Rνση˜σ)|φ2(R)|2dµ(R). (48)
Concerning (41), write∫ ∑
1≤j<k≤3
∆ω˜φ1(Rjlη˜m)∆ω˜φ1(Rkmη˜m)|φ2(R)|2dµ(R) ≥∫ √ ∑
1≤j<k≤3
∆ω˜φ1(Rjlη˜m)
2∆ω˜φ1(Rkmη˜m)
2|φ2(R)|2dµ(R) ≥
≥ 1
2
∫ √ ∑
1≤k≤3
|ω˜φ1(Rklm˜k)|2|φ2(R)|2dµ(R) =
=
1
2
√ ∑
1≤k≤3
|ω˜φ1(m˜k)|2
∫
|φ2(R)|2dµ(R) =
= λ2Pωφ1,φ2
(
f ◦H(t˜)) = λ2P ω˜φ1,φ2(f ◦H(t)) ,
where the first equality follows from rotation invariance of
∑
k|ω˜φ1(m˜k)|2,
the second one from (51) and we used (47). Furthermore, the last equality
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comes from |ω˜φ1(m˜3)| = λ2P ω˜φ1(f ◦H(t˜)) and m˜1 = m˜2 = 0. The proof of
(40) involves the operators e˜ and goes along the same lines.
8 Conclusions
In this paper we wrote down physically motivated STUR to be satisfied
in a quantum flat Friedmann spacetime and provided a concrete realisa-
tion of it writing down operators satisfying an appropriate weaker version
of the STUR themselves. We made use of two key ingredients: an appro-
priate generalisation of Penrose’s isoperimetric inequality, and a coordinate
system made out of proper lengths measured along a suitable tetrad axis.
Several consequences were deduced from our STUR and in particular we
have shown that the presence of a particle horizon should naturally lead to
the existence of a maximal value for the Hubble rate (or equivalently for
the matter density), thus providing an indication that quantum effects may
rule out a pointlike big bang singularity. Another interesting feature of our
model is that it indicates that for expanding spacetimes the Planck length
λP should not be considered a fundamental length: an effective one appears
depending on the Hubble rate H, i.e. on the cosmological era. Finally, we
costructed a covariant concrete realisation of the corresponding quantum
Friedmann spacetime in terms of operators on some Hilbert space.
A future line of research is the construction of quantum spacetimes also
for open hyperbolic and closed Friedmann universes. In particular, in the
case of closed universes these quantum models will allow us to explore the
role of non-commutative effects near the big crunch [43].
Appendix 1
In this appendix we prove some existence results for noncommutative coordi-
nates suitable for the different models (i.e. classical solutions of the Einstein
equations) considered so far and on which the conclusions of Section 7 are
based. For the sake of clarity, we first present concrete realisations in terms
of operators acting on some Hilbert space of the basic commutation relations
[t˜, η˜j ] = 2if0
(
H(t˜)
)
,
without bothering about unitary actions of the isometry groups of the cor-
responding spacetimes. These will come later by using a “covariantisation”
trick [40]. Since the time variable will not be touched upon by this proce-
dure, to emphasise that the whole construction only depends on H, we can
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and will discuss the implementation of time diffeomorphism covariance at
this preliminary stage.
To begin with, we recall some basic facts and terminology concerning
(densely defined unbounded) linear operators on Hilbert spaces (see [41]).
An operator T on the Hilbert space H with dense domain D(T ) ⊂ H is
closed if its graph {(x, Tx) : x ∈ D(T )} is closed as a subspace of H × H.
An operator T is called closable if the closure of its graph is the graph of
an operator, usually indicated by T . Given a closable operator T , we say
that a subspace C ⊂ D(T ) is a core for T if T ↾C = T . We define the
adjoint T ∗ of a densely defined T on H with scalar product (·, ·) by setting
φ ∈ D(T ∗) if D(T ) ∋ ψ → (φ, Tψ) can be extended to a bounded linear
functional on the whole H. In this case there is a unique χ ∈ H such
that (χ,ψ) = (φ, Tψ) and we put χ = T ∗φ. An operator S is symmetric
if S ⊂ S∗, meaning that D(T ) ⊂ D(T ∗) and T ∗ ↾D(T )= T . A symmetric
operator is always closable and S ⊂ S ⊂ S∗. A closed symmetric operator
T is selfadjoint if T = T ∗ (as is the case of inclusion, equality here includes
domains). The von Neumann’s basic criterion states that a closed symmetric
operator S is selfadjoint if and only if Ker(S∗ ± iI) = ∅. If we indicate
by ∆± the subspaces of solutions of the equations (T
∗ + iI)φ = 0 and
(T ∗− iI)φ = 0 respectively, the dimensions dim∆± are called defect indices
and selfadjoint extensions of T exist if and only if they are equal. If we
indicate by ∆± the subspaces of solutions of the equations (T
∗ + iI)φ = 0
and (T ∗ − iI)φ = 0 respectively, the dimensions dim(∆±) are called defect
indices and selfadjoint extensions T V of T exist if and only if they are equal.
The extensions T V satisfy T ⊂ T V ⊂ T ∗, are in one to one correspondence
with the partial isometries V : ∆+ → ∆− with initial space I(V ), have
domains D(T V ) = {φ+ φ++Uφ+ | φ ∈ D(T ), φ+ ∈ ∆+} and take the form
T V (φ+ φ+ + V φ+) = Tφ+ iφ+ − iV φ+, φ ∈ D(T ), φ+ ∈ ∆+.
When dealing with commutators [S, T ] of unbounded operators S, T on some
H, we will indicate by Dcomm the set of all φ ∈ H such that both STφ and
TSφ are defined and in H.
A prominent example of unbounded operators are (partial) differential
operators acting on L(Rd). The standard approach (see [42]) is to consider
a (n-th order) partial differential expressions L = ∑|α|≤n aα(x)Dα, with
α = (α1, . . . , αd), |α| =
∑d
i αi and αi positive nonzero integers, aα(x) ∈
C∞(Rd) and Dα = i|α|∂α1 . . . ∂α1 . One can then also define the formal
adjoint L+ = ∑|α|≤nDαaα(x), and view both L and L+ as operators on
L2(Rd) with domain C∞c (R
d). The closure of L+ is called the minimal
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operator Lmin. The maximal operator Lmax is defined as follows. Take
D(Lmax) as the set of φ ∈ L2(Rd) such that for some ψ ∈ L2(Rd) the
equality ψ = Lφ holds in the sense of distributions and set Lmaxφ = g.
With these definitions, one easily proves that L∗min = Lmax. It follows that
L∗ = Lmax if L = L+ as operators on C∞c (Rd), in which case L is said to be
formally selfadjoint.
Lemma 3. Let H˜ = L2(R3, dξ), γ : R → Im(γ) ⊂ R be a diffeomorphism
on its image Im(γ) = (γ(−∞), γ(+∞)) and H : Im(γ) → R+ be a smooth
positive function such that
lim
t˜→γ(±∞)
∫ t˜
γ(0)
1
f0 ◦H = +∞. (49)
Then the operators ([·, ·]+ indicates the anticommutator)
t˜ = η˜0 = 2γ(ξ1), η˜1 =
1
2
[
(f0 ◦H)(γ(ξ1))
γ′(ξ1)
, i∂ξ1
]
+
(50)
η˜2 = 2γ(ξ1) + i∂ξ2 , η˜3 = i∂ξ3 .
are essentially selfadjoint on the common invariant core C∞c (R
3) (the smooth
functions with compact support) and satisfy the commutation relations
[ct˜, η˜1] = 2if0 ◦H(t˜), [η˜1, η˜2] = 2if0 ◦H(t˜), (51)
there. All other commutators vanish. Moreover, sp(t˜) = Im(γ) and sp(η˜k) =
R for k = 1, 2, 3. Finally, there is a strongly continuous unitary repre-
sentation U˜ of R3 such that U˜(a)η˜kU(a)
∗ = η˜k + ak and U˜(a)t˜U(a) = t˜,
U˜C∞c (R
4) ⊂ C∞c (R4), a = (a1, a2, a3).
Proof. To start with, recall that for operators T1, T2 on H1,H2 essentially
selfadjoint on the domains D1,D2 the operators T1⊗ T2 and T1⊗ I + I ⊗ T2
on H1 ⊗ H2 are essentially selfadjoint on D1 ⊗ D2 [41]. Thus, t˜, η˜2, η˜3 are
essentially selfadjoint on C∞c (R
3) ⊃ ⊗3i=1C∞c (R) just because ξ1, ξ2, ξ3 are
so on C∞c (R) as operators on L
2(R). Concerning η˜1, this is a differential
operator on C∞c (R) ⊂ L2(R) and a simple integration by parts shows that
its adjoint η˜∗1 satisfies η˜
∗
1 ↾C∞c (R)= η˜1. Thus, η˜1 is formally selfadjoint and η˜
∗
1
is densely defined with domain included in the space of continuous functions
having locally integrable derivatives. Thus, the condition Ker(η˜∗1 ± iI) = ∅
for essential selfadjointness reduces to the differential equation
ih(ξ1)φ
′ +
i
2
h′(ξ1)φ± iφ = 0, h(ξ1) = (f0 ◦H)(γ(ξ1))/γ′(ξ1). (52)
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The solutions φ±(ξ1) = Ch
−1/2 exp
(
∓ ∫ ξ10 1/h), with C ∈ R, are not in
L2(R) whenever both
lim
ξ1→±∞
∫ ξ1
0
dξ1
h(ξ1)
= lim
ξ1→±∞
∫ ξ1
0
γ′(ξ1)dξ1
(f0 ◦H)(γ(ξ1)) =
= lim
ξ1±∞
∫ γ(ξ1)
γ(0)
dt˜
(f0 ◦H)(t˜)
= lim
t˜→γ(±∞)
∫ t˜
γ(0)
dt˜
(f0 ◦H)(t˜)
,
diverge. The invariance of C∞c (R
3) under the action of our operators is ob-
vious. The operator (f0 ◦H)(t˜) being bounded since the function f0 ◦H is
bounded, it follows that the commutation relations (51) hold there.
The fact that sp(t˜) = Im(γ) comes directly from functional calculus. To
prove that sp(η˜k) = R, k = 1, 2, 3, we show that we have commuting uni-
taries such that UC∞c (R) ⊂ C∞c (R) and U(ak)η˜kU(ak)∗ = η˜k + ak, ak ∈ R.
Clearly, the multiplication operators exp i
(
a1
∫ ξ1 1/h + a2ξ2 + a3ξ3) do the
job.
From Lemma 1 we know that f0 → 8
√
12 as H → 0 and f0 ∼ (c/HλP )2/3
as H → +∞. Thus in reasonable physical situations we may safely assume
that the limit for t˜→ +∞ does satisfy condition (49) but unfortunately this
is not the case for t˜→ t˜0 = γ(−∞). As a matter of fact,
lim
t˜→γ(−∞)
∫ t˜
γ(0)
H(t˜)2/3
does not diverge, even for power law cosmologies. However, as we now show
this difficulty may be circumvented by a simple trick.
Lemma 4. Let H˜ = L2(R5, dξ), γ : R → Im(γ) ⊂ R be a diffeomorphism
on its image Im(γ) = (γ(−∞), γ(+∞)) and H : Im(γ) → R+ be a smooth
strictly positive function. Then the operators
t˜ = η˜0 = 2γ(ξ1), η˜2 = 2γ(ξ1) + i∂ξ4 , η˜3 = i∂ξ5 , (53)
(here h is the same function as in (52)) are essentially selfadjoint on C∞c (R
5).
As defined on the same domain, the (closure of the) operator
η˜1 = ih(ξ1)∂ξ1 +
i
2
h′(ξ1)− ih(ξ2)∂ξ2 −
i
2
h′(ξ2) + i∂ξ3 , (54)
is symmetric and admits a selfadjoint extension η˜V1 . Together, they sat-
isfy the commutation relations (51) on the corresponding domain Dcomm.
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Moreover, sp(t˜) = Im(γ) and sp(η˜k) = R for k = 1, 2, 3. Finally, there is a
strongly continuous unitary representation U of R3 such that U˜(a)η˜kU(a)
∗ =
η˜k + ak and U˜(a)t˜U(a) = t˜, U˜C
∞
c (R
5) ⊂ C∞c (R5) and U˜(a)η˜kU˜(a)∗ =
η˜k + ak, a = (a1, a2, a3).
Proof. The very same arguments at the beginning of the proof of Lemma
3 show that we can restrict our attention to the differential operator T =
ih(ξ1)∂ξ1 +
i
2h
′(ξ1) − ih(ξ2)∂ξ2 − i2h′(ξ2) with domain C∞c (R2) ⊂ L2(R2).
Integration by parts shows it is formally selfadjoint. Indicating by L1 the
same differential expression than T but with derivatives acting in the sense
of distributions, by the above discussion we know that its adjoint T ∗ = L1
on its domain D(T ∗) = {φ ∈ L2(R2) | ∃ψ ∈ L2(R2) with ψ = L1φ}. By
construction the defect indexes are equal and the operator T always admits
sefadjoint extensions (trivial ones, if it is already essentially selfadjoint on
C∞c (R
2)). The von Neumann equations (T ∗± iI)φ = 0 take the form of the
partial differential equations(
ih(ξ1)∂ξ1 +
i
2
h′(ξ1)− ih(ξ2)∂ξ2 −
i
2
h(ξ2)h
′(ξ2)± i
)
φ± = 0.
A straightforward calculation shows that for any sufficiently regular u : R→
R the functions
φ±(ξ1, ξ2) =
Ce
∓ 1
2
(∫ ξ1
0
1/h−
∫ ξ2
0
1/h
)
√
h(ξ1)h(ξ2)
u
(∫ ξ1
0
1/h+
∫ ξ2
0
1/h
)
, C ∈ R,
are solutions. This is enough to see that the defect indexes are both infinite.
Consider then the “flip” unitary operator V : L2(R2) → L2(R2) given
by (V φ)(ξ1, ξ2) = φ(ξ2, ξ1) for φ ∈ L2(R2). By construction V C∞c (R2) ⊂
C∞c (R
2) and V η˜1V
∗ = −η˜1, so that V∆+ = ∆− and we can consider the
extension T V on the domain D(T V ) = {ψ ∈ L2(R2) : ψ = φ+φ++V φ+, φ ∈
C∞c (R
2), φ+ ∈ ∆+} where, being a restriction of T ∗, it acts as L1. It follows
that the operator η˜V1 = T
V + i∂ξ3 is essentially selfadjoint on the domain
D(T V )⊗Cc(R). Since η˜0 is a multiplication operator by a smooth function,
we can use the product rule for derivation of distributions to obtain (recall
that f0 ◦H is bounded smooth by assumption)
η˜V1 η˜0φ = L12γ(ξ1)φ = ih(ξ1)∂ξ1(2γ(ξ1)φ) + ih′(ξ1)γ(ξ1)φ−
−ih(ξ2)∂ξ2(2γ(ξ1)φ)− ih′(ξ2)γ(ξ1)φ+ i∂ξ3(2γ(ξ1)φ) =
= 2i(f0 ◦H)(γ(ξ1))φ+ 2γ(ξ1)L1φ = 2i(f0 ◦H)(t˜)φ+ η˜0η˜U1 φ,
26
for any φ ∈ Dcomm ⊂ L2(R5). It follows immediately that the commutation
relations (51) are satisfied for such φ. The inclusion C∞c (R
5) ⊂ Dcomm is
obvious.
The proof that sp(t˜) = Im(γ) and sp(η˜k) = R, k = 1, 2, 3 goes along the
same lines than in Lemma 3, but now we choose the multiplication operators
U˜(a) = exp i (a1ξ3 + a2ξ4 + a3ξ5).
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